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1. INTRODUCTION 
For an initial value problem having uniqueness the well posedness, i.e., 
the continuous dependence on the initial condition, is expressed by saying 
that the map, assigning to the initial point the solution through it, is con- 
tinuous. For problems lacking uniqueness, saying that any solution 
through a point can be embedded in a continuous, single valued, family of 
solutions depending on the initial point, can be considered as the natural 
extension of the well posedness. 
For a differential inclusion with Lipschitzean right-hand side, defined on 
an open set, several papers [3-6, 91 yield results on the existence of 
continuous selections from the map assigning to an initial point, or a 
parameter, the set of solutions to the corresponding Cauchy problem. The 
present note considers the same problem for a multifunction F defined on 
Rx K, where K is a closed subset of R", and satisfying a tangentiality 
condition, and proves an analogous result. 
Remark that the (generalized) successive approximations process that is 
the base of the construction, in the case under consideration requires at 
each step a projection over the (in general, non-convex) set K, since F is 
not defined outside K, and that this projection is not continuous. 
Moreover, the lack of an argument allowing the extension of a multi- 
valued Lipschitzean map from a closed set to an open set containing it, 
prevents the possibility of exploiting the available techniques for the 
present case. 
As a side result we obtain the convergence of the sequence of generalized 
successive approximations for any initial function x0. As a corollary, we 
prove a result on the arcwise connectedness of the set of solutions and of 
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the attainable set, and, as a further corollary, we show that any two 
continuous selections from the map assigning to the initial point the set of 
solutions, are linked by a continuous homotopy with values in the solution 
sets. 
2. ASSUMPTIONS AND STATEMENT OF THE MAIN RESULT 
Let T>O, Z= [0, T], denote by 9 the a-field of Lebesgue measurable 
subsets of Z and by p the Lebesgue measure. For E c Z let xE be the charac- 
teristic function of E. Let K be a closed nonempty subset of R”. For x E R” 
let dK(x) =inf(lx- yl : YE K} be the distance from x to K, let rcK(x) = 
{ y E K: Ix - yl = dK(x)} be the projection of x onto K and let 
be the contingent cone to K at x. For A, Bc R” denote by d(A, B) the 
Hausdorff distance from A to B. Denote by L’(Z, R”) the Banach space of 
Bochner integrable functions U: Z + R” with the norm Ilull 1 = Jl lu( t)l dt 
and by AC(Z, R”) the Banach space of absolutely continuous functions 
x: I-+ R” with the norm ~IxI\~~= Ix(O)1 + 11111 1. 
For 5 in K consider the Cauchy problem 
iEF(t, x), 40) = 5, (Pi,) 
where F: Ix K+ 2R”, and denote by S(t) the set of solutions of (PC). The 
attainable set at Tis s&(()= {~EK: y=x(T) for x in Y(t)). 
Let &,E K and let x,EAC(Z, R”) be such that x,(O) = &,. Let zO( .) be a 
measurable selection from t + nK(xO(t)); let vl( .) be a measurable selection 
from t + F(t, zo(t)) such that 
b,(t) -&(t)l = d&,(t), F(t> z,(t))) a.e. in Z, 
and let x1(. ) be given by 
We call x1( .) a (first) successive approximation from x0. Remark that, 
when x0 is already a solution to (P,;,) (with values in K), z0 z x0 and 
v1 = fO, so that the sequence of successive approximations consists of the 
point x0 only. 
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In what follows we consider F: Ix K+ 2R’ satisfying the following 
assumptions: 
(H,) the values of F are closed nonempty subsets of R”, 
(H,) r --) F(t, X) is Y-measurable, for all x E R”, 
(H3) there exists IEL’(Z, R) such that for all x, YE R” 
Wt, x), F(t, Y)) d Z(t) lx - yl a.e. in I, 
(H4) there exists /I E L’(Z, R) such that d(0, F(t, 0)) </I(t) a.e. in I, 
(H,) F(t,x)cT,(x) for all (t,x)~ZxK. 
We shall prove the following 
THEOREM. Let Kc R” be compact, &, E K, and let x0 E AC(I, R”) be such 
that x,(O)= &,. Let F: Ix K+ 2R” satisfy (H,)-(H,). Then there exists 
X( -, ): Z x K + K with the following properties : 
(i) x(., ~)EY(<) for each <EK; 
(ii) t -+x( ., 4) is continuous from K to AC(Z, R”); 
(iii) x( ., 5,) is limit of a sequence of successive approximations 
CGk~ rd,,, with x0( ., to) = x0( .). In particular if X,,E S(tO) then 
X(.> 50)=x,(.). 
3. PROOF OF THE THEOREM 
Prooj Set x,(t, 5) to be r + s; a,(s) ds, so that x,(t, to) =x,(t). For 5 
in K let zO( ., 5) be a measurable selection from t + zK(xO(t, 5)). Then 
d(&(t, 0, FCt, z,(t, 5))) < I&(t)l + 40, F(t, 0)) + l(t) kit, <)I 
< l.&(t)1 + B(t) + Ml(t) =: &J(t), 
where M:=sup{)t[:<~K}. 
By Proposition 1 in [2, p. 2021 we have that 
f Cd&o(t, cl))1 G Wdt, 51, T,d~,(x,(t, 5)))) 
G dMt> 51, Tdzcdt, 5))) G Wo(t, 51, F(z,(t, 0)) < b(t) 
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and, since d,(x,(O, 5)) = 0, we obtain 
Following ideas in [l, 51, let q := l/2 and, for r in K, set 
p,(5) =min{v, 15 -UPI if ~Z50~~l(50)=~. 
Cover K with balls B(&p,([)) and let {B([j,p,(tf)): O<i<Nr} be a 
finite subcovering with th = &,. Let { pj : 0 < j < N, } be a continuous 
partition of unity subordinate to this subcovering and define 
Since co belongs only to B(t,, ~~(5,)) we have that I;({,)= [0, T]. Let 
ul( ., 5) be a measurable selection from t -+ F(t, z,(t, 5)) such that 
and set 
Iu,(t> 5) -aott, <)I= Wo(t, 5), F(t, zo(t, 5))), 
Remark that x,(t, x0) = to+ 16 ul(s, to) ds, hence it is a (first) successive 
approximation from x0. Moreover, 
Ix,(t, 5) - xo(t, 511 G j’ I.li-,(s, 5) - ioh 01 ds 
0 
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Let zl( ., 5) be a measurable selection from t + x,(x,(& 4)). Fix t E 1 and let 
j be such that t E I:(r). Then 
W-,(t, 51, F(t, z,(t, 0)) = d(q(t, t;,, F(t, z,(t, 0)) 
GW’(t, zo(t, tf)), F(t, z,(t, t))) <z(t) lzdt, r;, -z,(t, 511 
~4t)C2dAxo(t, 5))+2 lxo(t, ~,;)-x,(t, 4111 
+ 4t)CdAxo(t, 0) f d/&1(t, <)I + Ix,(t, 0 -X0(& t)ll 
and this estimate is independent of j, hence it holds on I. As before 
f CdK(Xl(t, 5111 Gw-,(t, 0, F(t, X,(6 5))) 
~I(t)dK(Xl(tr~))+l(f) 4jrs,(s)ds+311 1 2 d&,(0, t)) = 
0 
so that 
e@(+” Z(s) 4 s’ 6,(u) du + 3~ ds 
0 1 
bO(s)Ce r:l(r)dr - 1-j ds + 3r[eSbwl” - 11 
and 
d(a,(t, t), F(t, z,(t, 4))) <Z(t) 4 1: 6,(s) e~~‘(r)d7 ds + 3qe~~i(“‘i’]. 
Set 
L(t) = 1’ Z(T) dz 
0 
and, as in [S, p. 1211, set d,(t) to be the essential supremum of the family 
(t -, d(i,(t, 5), F(t, z(t, 5)): 5 E K, z(., 5) measurable, z(t, 5) E n,&l(t, O)>. 
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Then, for a.e. t E Z, 
7 
6,(t) < Z(t) eL(‘) d,(s) eeL(“) ds + 3q 1 . 
Finally set 
and remark that CI~ EL’(Z, R) and, since all of the functions 
4 + C’,=, p:(t) are uniformly continuous on K, for every E > 0 there exists 
p > 0 such that 
15’ - tl < P implies la,(f, 5) - iIt 571 d al(t) h(t) 
for some E c Z with ,u( E) < E. 
We claim we can define sequences of functions {x,}, > 1, { 6, In 2 1, and 
b”L 1 with the following properties: 
(i) a, E L’(Z, R) is such that for every E > 0 there exists p > 0 such 
that 
15’ - 51 < p implies Mf, 0 - -%A4 0 da,(f) h(t) 
for some EC Z with p(E) < E; 
(ii) x,( ., to) is a n-successive approximation from x0( .); 
(iii) j& IiJs, 5)-inp1(s, 01 ds<fA 6,-,(s) ds+q”, where 
s,(t)=esssup{d(f,(t,5),F(t,z(t,tJ))):5EK,z(.,5)measurable, 
z(k 0 E ~&At, 5)) a.e.1; 
(iv) dAx,(t, 0) d Sk 6,(s) 4 
(v) J,(t) <Z(t) eL(‘){4” 1; S,(s) epLcS)( [L(t) - L(s)]“-‘/(n - l)!) ds 
+ 3rZ” z;r; (l/i!)[4L(t)/#}. 
For n = 1 the above holds. Assume it holds up to m and let us show it 
holds for m + 1. By (i) of the inductive assumption there exist a, E L’(Z, R) 
and pm + 1 > 0 such that 
It’-51 <Pm+1 implies If,(t, 0 -UC 511 G a,(t) b(f) 
with jE a,(s) ds < q”+ ‘. 
Define, for [ in K, 
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and let {B(<,?+l, 
with 5;;” = 
p,+,(5,“+‘)): O<j<NN,+,} be a finite covering of K 
<,,. Set for simplicity N := N, + I and lj = t,” + ‘, 0 Q j < N. Let 
{p,: O<j<N) b e a continuous partition of unity subordinate to this 
covering and define 
1 
j-l ii(r)= T C ~k(5h T i PA<) 
k=O k=O 1 , O<j<N. 
Since to belongs only to B(<,, p, + r(co)) we have that Zo(lO) = I. Let 
z,( =, 5) be any measurable selection from t + n,(x,(t, 5)) and let 
V, + r(. , 5) be a measurable selection from t + F(t, z,(t, t)) such that 
Set 
l%z+ I(& 0 -&At, <)I = 4L(t, 0, F(t, z,(t, 5))). 
and remark that 
so that x,, 1( .9 toI is a (m + 1 )-successive approximation from x0(. ). By 
the construction, x, + r( ., 0 is absolutely continuous and im + 1 satisfies (i) 
of the inductive assumption with 
Moreover, 
lx,, ,(t, 5) - xm(t, 5)l G J; k, lb, 5) -.k(s, 01 ds 
+LAs)ds+~ C(m(S)dFgSd6m(S)ds+?m+1. 
0 E 
WELL POSEDNESS FOR INCLUSIONS 9 
Let z,+k, 5) b e a measurable selection from t + x,(x, + I(t, 5)). Let t E I 
be fixed and let j be such that t E Ii(c). Then 
d(im(t? 519 F(tT Zm+l(f3 5)))=d(um+l(t, lj), F(r, Zm+l(f, t))) 
Gd(JTt, Zrn(f, <j)), F(t,Zrn+~(l, )))GZ(l) IZm(t, <j)-Zm+l(t, t)I 
~z(f)Clzm(t9 5j)-Zm(t9 01 + IZm(t~ l)-z~+l(t~ 5)ll 
d 4~K2~&,(~? 8) + 2 I-%(~~ t) --L(t, cl,,ll + 4~)CdK(x,(t, 5)) 
+dKLL+I(f~ 5))+ Ix,+l(tr O--%A~, 5111 
dAxrn(~, 5)) G j-i &n(s) ds, 
we have, for t in Z, 
dCLz+~(t, 0, F(t, z,+l(f, 5))) 
G z(t) d&n + 1 
Since d,(x, + 1(0, 5)) = 0 and 
we obtain 
d&m+ 1 ejb’(r)dr Z(s) 
C 
4 js 6,(u) du + 3~“‘~ ’ ds 
0 1 
= 4 j: 2i,(u)(eL(t)-L(u)- 1) du + 3ylm+‘[eLct)- l] 
and 
L(“)du+3qm+1 . 1 
10 
Therefore, setting 
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we have that d,(x ,+l(t,~))~Sf,s,+,(~)dsand 
d,+,(t)<Z(t)eL(‘) 4 
[i 
fG,(u)e-L(“)du+3~m+1 
0 1 
Finally, by using (v) of the inductive assumptions, we obtain 
= I( t)g+‘) 
i j 
4” + l d 6,(u)eCL(“) 
= /(t)eL(‘) qrnil ’ 6,(u)epL(“) 
i j 
CUtI - Uu)l” du 
0 m! 
+ 3rlm+’ igo; [y) 
and the proof of our claim is complete. 
Remark that as a consequence of (i) each map 5 + x,( ., 5) is continuous 
from K to AC(Z, R”). Also, from (v), 
(1) 
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so that, by (iii) 
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11x,+1(., &x,(.7 5)11,4,~ s Tw)~~+yln+l 0 
< 4eL(T) (4L(T))“- l (n _ l), 116,11, + 3Tq”e4L(T)‘q + yn+ l. 
The sequence {x,J ., <)}, is Cauchy in AC(Z, R”) uniformly with respect o 
5 and it converges to the map 4 +x(., 5) continuous from K to AC(Z, R”). 
Since, from (l), {6,(t)}, converges to 0 for t in Z and dK(xn(tr 5)) G 
1; 6,(s) ds, from the dominated convergence theorem we infer that x( ., c) 
takes values in K. 
The function x( ., 5,) is a limit of a sequence of successive approxima- 
tions from x0( .) (in particular if x0( .) is a solution to (P& 
x( ., to) = x0( .)). To show that x( ., 5) is a solution for every t choose 
z,( ., 5) a measurable selection from t -+ nK(x,,(t, <)) and remark that 
d(k(t, 51, F(t, 46 <))I d 4-k(t, 5), F(z,(t, 5))) 
+ 4t)Cd,(x,(t, 5)) + Ixn(t, 5) - 44 01 
<&(t)+Z(t) p,(s)ds+ I-%(4 O-46 01 
[ 1 . (2) 0 
Since {%( . , O>, is Cauchy in L’(Z, R”), a subsequence converges 
pointwise a.e. to a( ., 5). Passing to the limit in (2) we obtain that x is a 
solution, since F has closed values. 1 
Solution sets to ordinary differential equations without uniqueness 
defined on open sets are known to be connected but not (in general) 
arcwise connected. In the case of solutions to differential inclusions on 
closed sets the difference between continuity and Lipschitz continuity is 
even more striking: example in [2, p. 2031 shows that the solution set to 
(Pe) for x + F(x) single valued, continuous and independent on t, may 
consist of exactly two solutions, a disconnected set. The following corollary 
shows instead that for Lipschitzean and time independent maps, it is 
arcwise connected. 
COROLLARY 1. Let F from K into the closed subsets of R” be 
Lipschitzean and satisfy the tangentiality condition (H,). Then the set of 
solutions Y(c) and the attainable set s.&(<) are arcwise connected. 
Proof: It is a consequence of Corollary 2. 1 
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For differential inclusions on open sets results on the arcwise connected- 
ness of solution sets were proved in [7, lo]. 
COROLLARY 2. Let F and K be as in Corollary 1. Let 5 --)x0(<) and 
5 -+x,(r) be two selections from 5 + S(t), continuous from K into 
AC(Z, R”). Then there exists a map H from [0, l] x K to AC(Z, R”) with the 
following properties: 
(i) H is continuous, 
(ii) H(O, 0 =x0(5) and H(l, 0 =x,(t), 
(iii) for 2 in [0, 11, H(I, <) is in S(t). 
ProoJ: Set x,(5, t)=x,(t)(t) and x,(5, t)=x,(g)(t) and define H(.,.) 
by 
H(4 5)(t) = X1(5> t) 
if O<t<,IT 
x,(x,(& AT), t - AT) if AT<t<T. 
Then H(0, C) =x,(t), H(l, <)=x,(t), and H(1, <) is in S(c). Fix 1, in 
[0, 11, to in K, and E > 0. Then 
llH((4 8) - H((Ao, 5o))llac= It - 501 + jT IfW t)(t) - H’(Ao, bJ(t)l dt. 
0 
We perform the estimates for the case A < 2,. 
joT IH’(A 5)(t) - H’(lo, to)(t)1 dt d jir lx;(5, t) -x;(to, [)I dt 
0 
+ j,;;= Ixb(x,(L W, t - AT) - x;(<o, t)l dt 
+ jT M,(x,(t, W, t - AT) - $,(x,(50, Ao 7’1, t - ioT)I dt. 
107. 
This first term on the right is less than s/4 for IC; - toI < 6,. The second 
term is bounded by 
j;;Tlx;(50, t)l dt+ j’Ao-i,r Ixb(x,(to, &T), s)l ds 
0 
+ llxb(x~(to, ATI) -4,(x,(50, W)ll1 
+ ll&(x~(to, ATI) - xb(x,(i;, W)lI 1. 
Hence, by the integrability of x;(lo) and the continuity of the maps 
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(1, 5) -, x1(5, 0 and rl +x;(u), whenever (A- A,,l < a2 and 15 - to1 < &, this 
term is bounded by c/4. Define the translation operator U,: L’ + L’ by 
U,(x(t)) = x(t + 7). The third term is bounded by 
Ilxb(xl(r, AT)) -x&1(5, JoT))/I 1 
By the same argument as before and recalling that lIU,(x) --XII 1 + 0 as 
T + 0, this term can made smaller than .5/4 for IA-- & < 6,. Hence by 
choosing 6=min{&/4, 6,, b2, S,}, the claim follows. 1 
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